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Abstract
It is essential to investigate various types of noise in gravitational-wave tele-
scopes such as KAGRA. A crackling noise is an intermittent noise, which can
occur when a material experiences stress. KAGRA could be prevented from
reaching the target sensitivity if the crackling noise appears in the geometric
anti-spring filter (GAS) of the vibration isolation system. Therefore it is nec-
essary to investigate the effect of crackling noise in the GAS. For this research,
a crackling noise measurement system with a miniature GAS was built, and
the noise was measured when stress was intentionally added to the GAS. The
scaling law of crackling noise was also investigated using a GAS of a different
design. Then the upper limit of the crackling noise in KAGRA was estimated,
from the results of the experiment and the derived scaling law, to be less than
the target sensitivity of KAGRA at frequencies above 55 Hz.
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1. Introduction
Gravitational-wave astronomy has already begun. Gravitational waves are
a phenomenon predicted by general relativity, in which distortions of spacetime
propagate far away. In 2015, a gravitational wave was detected for the first time
by the two US detectors comprising the Laser Interferometer Gravitational-
wave Observatory (LIGO)[1]. Now the Large-scale Cryogenic Gravitational-
wave Telescope (KAGRA) is under construction[2]. It must reach the target
sensitivity and join the world network of gravitational wave telescopes as soon
as possible for the development of gravitational-wave astronomy.
KAGRA is constructed underground at Kamioka in Japan (very close to
the neutrino detector Super Kamiokande) to reduce the effect of seismic noise.
KAGRA is a 3 km-long resonant sideband extraction (RSE) interferometer as
shown in Fig. 1.
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Figure 1: RSE interferometer used for KAGRA.
The RSE interferometer consists of a Fabry-Perot Michelson interferometer
(FPMI), a power recycling mirror (PRM), and a signal recycling mirror (SRM).
The FPMI consists of four mirrors as test masses (ITMX, ITMY, ETMX, and
ETMY) and a beam splitter (BS). The FPMI senses a difference between the
two arm lengths to obtain the gravitational wave signals. The PRM is installed
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to amplify the power of the beam incident to the FPMI for better shot noise, and
the SRM is installed to extract the gravitational wave signals from the FPMI
before cancellation. In KAGRA, the four test-mass mirrors will be cooled down
to about 20 K to reduce thermal noise.
Vibration isolation is very important for improving the detection sensitivity
inside the gravitational wave observation band. In KAGRA, all the mirrors
constituting the interferometer are suspended as multistage pendulums for vi-
bration isolation in all degrees of freedom. In particular, the vibration isolation
system (VIS) for the four test-mass mirrors is crucial. It is shown in Fig. 2,
and is called a Type-A suspension system. It has seven stages, low-temperature
masses at the bottom and room temperature ones above. The test-mass mirror
is suspended at the very bottom of the Type-A suspension and is cooled down
to a cryogenic temperature. At the lowest end of the room-temperature part,
there is a “bottom filter” (BF).
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Figure 2: Type-A suspension system for the four test-mass mirrors used in KAGRA.
Geometric Anti-Spring filters (GAS) are used for vertical vibration isolation
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in KAGRA. They are used in many parts of the Type-A suspension, with the
lowest of them in the BF. A GAS consists of several metallic blades that are
evenly pressed toward a keystone, as shown in Fig. 3 to generate anti-spring
force. As a result, the resonant frequency of the vertical spring is reduced, and
better isolation is obtained while the load capacity is barely affected[3].
Keystone
Blade
Figure 3: General type of the GAS filters used in the suspension of KAGRA. The diameter
of the disk frame is, for example, 0.7 m for the bottom filter.
Although the GAS is more compact than just a blade spring that has the
same resonant frequency, a large stress is applied to the metal blades of the
GAS. In this state, the crackling could occur in the metal blades of the GAS
in response to a change of the blades’ strain caused by vertical seismic motion.
The crackling is an unsteady and impulsive phenomenon that the internal strain
in solid changes discontinuously when stress is externally applied[4]. Crackling
is known to occur in various crystals and materials, and the crackling is also
observed for metal crystals. Crackling in metal is already observed, for example,
in Nickel[5]. If crackling frequently occurs in the GAS blades, the sensitivity
of KAGRA could be impaired. Incidentally, the crackling noise occurring in a
simple blade spring has been investigated by experiment at California Institute
of Technology, and it was found that the crackling noise would not impair the
LIGO target sensitivity[6][7][8].
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2. Objectives and strategies
The purpose of this investigation is to estimate the effect of crackling noise
that could occur in KAGRA. For that purpose, we employed the following strat-
egy. First, we design a crackling-noise measurement system (CNMS) consisting
of a specially-arranged GAS and an interferometric measurement system in such
a way that the crackling noise in the CNMS reveals itself as much as possible
compared with the real vibration isolation system for KAGRA. This way, we
can estimate the effect of crackling noise for KAGRA in better sensitivity. Then
we convert the crackling noise (or an upper limit) obtained in the CNMS into
the estimated crackling noise using a conversion ratio. The conversion ratio
includes some obvious geometric factors and a scaling law of the GAS. To im-
plement this strategy in the CNMS, we employed the following schemes:
(1) In the CNMS, the vertical motion of the mirror, which is along the beam axis,
is measured, while in KAGRA, the horizontal motion of the test-mass mirrors
along the beam axis is measured. In KAGRA, the crackling noise of the GAS
shakes the test-mass mirrors in the vertical direction, which is converted into
the horizontal motion of the mirrors because of the ground tilt (intentionally
implemented for drainage of the spring water) and the curvature of the Earth.
Therefore in this sense, the CNMS shows larger crackling noise compared with
KAGRA.
(2) The mirror is suspended as a single pendulum from the keystone of the GAS
in the CNMS, while in KAGRA, the test-mass mirror is suspended as a triple
pendulum from the keystone of the GAS in the BF. The transfer function of
the vertical motion from the keystone to the mirror depends on the number of a
pendulum used to suspend the mirror; it is isolated more with more pendulums.
Therefore in this sense, the CNMS shows larger crackling noise compared with
KAGRA.
(3) A compactly-arranged GAS system is used in the CNMS, while in KAGRA,
a regular-size GAS is used. It is anticipated that the smaller GAS would produce
crackling noise of larger amplitude because the smaller GAS usually provides
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the higher resonant frequency (see section 4, 3-i) for more details). Therefore
the CNMS shows larger crackling noise compared with KAGRA. On the other
hand, crackling noise is expected to occur less frequently in the smaller GAS
(see section 4, 3-ii) for more details). Therefore, it is not obvious if the CNMS
shows larger crackling noise compared with KAGRA at this point. Nevertheless,
we decided to use the smaller GAS because of the easiness of the manufacturing
and handling of the GAS.
(4) The GAS system in the CNMS is shaken intentionally with large sinusoidal
signals, while in KAGRA, the GAS is shaken only seismically. In this sense, the
CNMS shows larger crackling noise compared with KAGRA.
The scaling law of the crackling noise for different sizes of GASes will be
theoretically analyzed in this paper. Although it is necessary to verify the
result of the analyzed scaling law by experiment, in this paper, we assume that
the obtained scaling law is correct to estimate the crackling noise for KAGRA.
There are two kinds of crackling noise. One is what occurs in response to a
change in stress, and the other is what occurs, even if there is no stress change.
In this paper, we estimate only the former one because it is anticipated to be
larger than the latter. We should also note that we assume that the crackling
noise frequently occurs enough so that each piece of the crackling noise cannot
be separated, and all the crackling noise increases the power spectrum of the
noise. We do not consider infrequently-occurring crackling noise because data
analysis with two detectors can reject such infrequently-occurring noise.
3. Experimental setup
In the CNMS, a Michelson interferometer shown in Fig. 4 is used. Each arm
of the Michelson interferometer has a ”GAS unit.” It is a combination of an
End Mirror (EM) and a Folding Mirror (FM) for folding the horizontal beam
to the vertical direction. The EM is attached to the lower part of the test
mass, which is suspended by wire from the keystone of the GAS to isolate the
EM from seismic motion both in a horizontal and vertical motion. The FM is
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also suspended in the same manner independently under the EM suspension.
The beam splitter (BS) is also suspended as a double pendulum for horizontal
vibration isolation (the optical axis is horizontal.) All the mirrors and the beam
splitter are isolated from seismic noise as much as possible so that the crackling
noise appearing in the GAS can be measured precisely. The interferometer is
controlled to be maintained mid-fringe at the photodetector by feeding back the
interference signal to the magnet-coil actuator of the BS. Large sinusoidal force
is applied to the two keystones commonly by a magnet-coil actuator to induce
the crackling noise. It should be noted that since the lengths of the two arms
change commonly, the feedback signal does not contain this large signal at all in
principle. However, the crackling noise, which occurs independently in the two
arms, could appear in the feedback signal. This feedback signal is measured to
analyze the noise performance of the interferometer.
EM
Test mass
FM
Figure 4: Schematic diagram of the CNMS for measuring the crackling noise.
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4. Conversion ratio
In this section, let us consider the conversion ratio, with which the crackling
noise obtained in the CNMS should be converted to the estimated crackling
noise for KAGRA.
The following shows the details of the conversion ratio. (1) The vertical
motion of the test-mass mirror in KAGRA is converted to the motion of the
mirror along the optical axis because of the ground tilt and the curvature of the
Earth. The ground tilt of the KAGRA arm tunnel is 1/300, and the difference
between the optical axis and the horizontal axis due to the curvature of the
Earth is 0.24 × 10−3. Therefore, the maximum ratio between the optical and
horizontal axis is 3.57×10−3. This is the conversion ratio with which the motion
of the mirror along the optical axis should be estimated from the vertical motion
of the mirror for KAGRA. (2) The transfer function of the vertical motion from
the keystone to the test-mass mirror for KAGRA is calculated by SUMCON,
which is a mechanical suspension modeling tool in Mathematica. The obtained
transfer function, H(f), is shown in Fig. 5. It has three resonant peaks, and
the frequency dependence above the frequency of the third peak is f−6. This is
consistent with the features of the triple pendulum below the lowest GAS blade
for KAGRA. It should be noted that the transfer function has some pairs of a
dip and a peak, which come from resonances in the auxiliary degrees of freedom.
The transfer function of vertical motion from the keystone to the test mass
of GAS for the CNMS is calculated as a simple spring which has one resonant
peak by SUMCON. The obtained transfer function, |h(f)|, is shown in Fig. 6.
To estimate the motion of the mirror for KAGRA from the measured motion
of the mirror in the CNMS, the ratio between the two transfer functions (H(f)h(f) )
should be used.
(3) Here we consider the scaling law of the size of GASes in terms of the two
aspects of the crackling noise: the amplitude of the noise and the occurrence
frequency of the noise. Then finally we combine both effects to derive the scaling
law in terms of the power spectrum of the crackling noise.
8
Figure 5: Transfer function, H(f), of the vertical motion from the keystone of the GAS at the
top of the CNMS to the mirror on the test mass.
Figure 6: Transfer function, h(f), of vertical motion from the key stone to the test mass of
GAS at the top of CNMS.
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i) First, we consider the scaling law for the amplitude of the crackling noise. We
calculate how the crackling event occurring at an arbitrary location of the GAS
blade is transmitted to the vertical displacement of the keystone. We treat the
blade as a beam with one end fixed to a wall and a mass M attached to the
other end, as shown in Fig. 7.
𝐹 = 𝐹#sin	(Ω𝑡)
𝜉
𝑀
𝑙
Figure 7: Schematic model of the crackling event occurring in the GAS blade.
We regard each crackling event as an external force applied to the beam at
its local position. First the vertical displacement of the beam at a horizontal
position x from the wall, w(x, t), when an external force (F = F0 sin(Ωt))
is applied to the beam at the horizontal position of x = ξ in the downward
direction is the following[9]:
w(x, t) = F0
∞∑
i=0
Wi(x)Wi(ξ)
ω2i − Ω2
(sin (Ωt)− Ω
ωi
sin (ωit)), (4.1)
where i is the resonance mode number, Wi is the mode shape of the ith mode
at the beam, and ωi is the resonant frequency of the ith mode. Here it should
be noted that F0 is not constant, it depends on the configuration of the beam.
If we neglect modes of higher order than the 0th, we can rewrite Eq. (4.1) as
the following:
w(x, t) = F0
W0(x)W0(ξ)
ω20 − Ω2
(sin (Ωt)− Ω
ω0
sin (ω0t)). (4.2)
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According to [9], the 0th mode shape W0(x) is given by
W0(x) = C[(cos (1.9x/l)− cosh (1.9x/l)) (4.3)
−0.73(sin (1.9x/l)− sinh (1.9x/l))].
When we putm(x) = (cos (1.9x/l)−cosh (1.9x/l))−0.73(sin (1.9x/l)−sinh (1.9x/l)),
the vertical position of the mass, w(x=l, t) is derived from the normalization of
W0 as follows,
w(x = l, t) =
F0
M
m(ξ)
m(l)
1
ω20 − Ω2
(sin (Ωt)− Ω
ω0
sin (ω0t)). (4.4)
See [9] for details of this calculation. In the cace that the external force is very
fast (Ω ω0) and t ∈ [0 pi2Ω ], we can regard the external force as an impact (for
example crackling noise). From this condition and Eq. (4.4) at t = pi2Ω , we can
write
w(x = l, t =
pi
2Ω
) = −F0
M
m(ξ)
m(l)
1− pi2 +O(|ω0Ω |2)
Ω2
. (4.5)
The maximum of this quantity is F0MΩ2 . Now let us compare two such systems
of different size and mass. Since we can reasonably assume that Ω does not
depend on the size and mass of the system, the ratio of the vertical motion of
the mass between the two systems (A and B) is the following.
wA
wB
=
MB
MA
F0;A
F0;B
. (4.6)
Here, F0, M, and ω0: F0 = kδy(δy is vertical displacement of the keystone
what depends on the type of material.), and k = Mω20 . These lead to thus
F0;A
F0;B
=
MAω
2
0;A
MBω20;B
. Thus, finally, wAwB is expressed by the following simple equation.
wA
wB
=
ω20;A
ω20;B
. (4.7)
This equation represents a scaling law of the amplitude of the vertical motion of
the keystone caused by crackling events with a GAS system of a different size.
ii) Here we consider the occurrence frequency of the crackling. We believe
we can safely assume that the occurrence frequency of crackling (N) of the
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crackling is proportional to an absolute change in the blade’s strain and keystone
displacement caused by the external stress, and the total number of the crystal
lattice. It indicates that the occurrence frequency (N) is
N = %V
ωext
2pi
δγ, (4.8)
where ωext is a frequency of external stress, δγ is a difference between the
maximum shear strain and minimum one, V is a volume of the blade, and %
is a proportionality constant, depending on the number density of the crystal
lattices (% is common for the same material). The shear strain of the blade δγ
is also proportional to the vertical displacement of the keystone. Thus we can
write δγ = χδy. χ is a proportionality constant, which can be calculated by the
material dynamics. We assume that the shape of the blade is a trapezoid as
shown in Fig. 8.
ℎ
"
#$ #%
Figure 8: Dimension of a blade used for a GAS.
Here the material dynamics gives (see [10] for the details)
δy =
6αWl3
b1h3E(1− ν2) , (4.9)
where W is force added to the blade tip and E is a modulus of the longitudinal
elasticity of the blade and ν is Poisson’s ratio of the blade material (In this case
it is maraging steel). α is a correction factor for shape. It is given by
α = α(β) =
3
2 − 6β + 3β2( 32 − log β)
(1− β)3 , (4.10)
where β = b2b1 . Using Hooke’s law and assuming that the applied force P gives
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a uniform stress to each part of the blade, we obtain
δγ =
b1h
4(1− ν)(1− ν2)
3αl3V
δy. (4.11)
Thus we obtain χ = b1h
4(1−ν)(1−ν2)
3αl3V . Therefore the scaling law of the occurrence
frequency of the crackling between GAS A and GAS B is
NA
NB
=
bAh
4
AαBl
3
B
bBh4BαAl
3
A
ωext;AδyA
ωext;BδyB
jA
jB
, (4.12)
where jA and jB are the number of blades in each GAS.
Now that we derived the scaling law of the amplitude and occurrence fre-
quency of the crackling noise. To estimate the scaling law of the power spectrum
of the crackling noise, we assume that the crackling occurs very frequently so
that the power spectrum of the crackling noise is proportional to the square
root of the occurrence frequency. Thus the scaling law of the power spectrum
PA
PB
is given by PAPB =
wA
wB
√
NA
NB
. From Eq. (4.7) and Eq. (4.12), we obtain
PA
PB
=
ω2A
ω2B
√
bAh4AαBl
3
B
bBh4BαAl
3
A
ωext;AδyA;seis
ωext;BδyB;seis
jA
jB
. (4.13)
(4) From the above explanations altogether, the conversion function (c(f))
from the power spectrum of the vertical displacement of the mirror in the CNMS
due to the crackling noise to the estimated power spectrum for KAGRA in terms
of strain due to the crackling noise is the following
c(f) = 3.57× 10−3
∣∣∣∣H(f)h(f)
∣∣∣∣ PKAGRAPCNMS /3000. (4.14)
Note that the conversion function has 3000 (arm length) in denominator to
convert the displacement sensitivity to the strain sensitivity. Table 1 shows the
comparison of the mechanical parameters of the Type-A GAS for KAGRA and
the small GAS for CNMS.
5. Experiment and results
We conducted the experiment at the KAGRA site so that we can estimate the
crackling noise for KAGRA precisely. In the CNMS, a sinusoidal signal at 0.1 Hz
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Table 1: Parameters of the Type-A GAS for KAGRA and the small GAS for CNMS. “N”
indicates number.
b1 [mm] b2 [mm] l [mm] h [mm] N of blades N of GASes α
Type-A GAS 80 13 275 2.4 5 4 1.4
Small GAS 20 5.0 70 0.30 3 2 1.3
was applied to the coil-magnet actuator for the keystone to serve as pseudo-
seismic motion. The amplitude was 1.7 × 10−5 m. We consider the dominant
seismic motion of the keystone of the GAS filter in the BF in a KAGRA type-
A suspension to be the vibration propagated to the BF at the first resonance
frequency of its GAS. Its amplitude is 5.7×10−8 m, and its frequency is 0.5 Hz.
The amplitude of CNMS’s keystone motion is much bigger than KAGRA’s. It
makes the crackling effect bigger in CNMS than KAGRA’s.
Fig. 9 is the noise power spectrum of the CNMS when the keystone was not
excited and excited at a frequency of 0.1 Hz. According to this figure, the noise
floors of the two measurements are almost equal at broad frequencies above
10Hz. This indicates that the effect of the incessantly-occurring crackling noise
caused by the intentional stress applied to the GAS blades is not significant.
Therefore, we can safely state that the noise level in the CNMS sets the upper
limit of the crackling noise.
We estimated the upper limit of the strain spectrum of the crackling noise for
KAGRA, using the sensitivity of the CNMS obtained in the experiment and the
conversion function Eq. (4.14). The upper limit of the crackling noise effect for
KAGRA is shown in Fig. 10, together with the latest estimation of sensitivity
limit based on the current design for KAGRA (which hereafter we simply call
the KAGRA target sensitivity).
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Figure 9: Power spectrum of the vertical displacement in the CNMS. The red curve is the
power spectrum with excitation (0.1Hz) and the blue one is without excitation.
6. Discussions and conclusions
If the scaling law obtained in this paper is correct, according to Fig. 10, we
found that the effect of the crackling does not impair the target sensitivity of
KAGRA above 55 Hz. This result indicates that the crackling noise in KAGRA
does not have a significant effect on the observation of gravitational waves from
coalescences of a binary black hole (BBH) whose masses are a few tens of the
solar mass, and coalescences of a binary neutron star (BNS), which were detected
by LIGO. More precisely, if the observation is not available under 55 Hz, the
observation range for gravitational waves from 30M BBH is reduced only by
15 % from 1.3 Gpc to 1.1 Gpc, and the one from the BNS is reduced only by 7 %
from 158 Mpc to 147 Mpc in KAGRA. Finally, we should repeat that this result
was obtained with the assumption of the scaling law described in this paper,
which should be verified by the experiment in the next step.
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Figure 10: Upper limit of the crackling noise effect in KAGRA and the KAGRA target
sensitivity.
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